In this work we demonstrate how one can, in a generic approach, derive a set of N simple quadratic Bethe equations for integrable Richardson-Gaudin (RG) models built out of N spins-1/2. These equations depend only on the N eigenvalues of the various conserved charges so that any solution of these equations defines, indirectly through the corresponding set of eigenvalues, one particular eigenstate.
Introduction
It has been observed, at least since the work of Babelon and Talalaev on the quantum Jaynes-Cummings-Gaudin model [1] , that certain integrable Gaudin models allow for the construction of quadratic Bethe equations, depending on the eigenvalues of the various conserved charges instead of the traditional Bethe roots. This fact has since been vastly exploited in numerical work [2, 3, 4, 5, 6, 7, 8, 9] due to the simplicity these quadratic equations offer when numerically looking for their solutions. In fact, the traditional Bethe equations defined in terms of a set of Bethe roots are, in RG models, plagued with cancelling divergences. The eigenvalue-based approach avoids completely these complications, making their direct numerical solutions a much simpler numerical task. The recent emergence of determinant representations, expressed directly in terms of the eigenvalues, for the norms, scalar products and form factors of local operators [10, 11, 12, 13, 14, 15, 16 ] has also been a major step forward in the numerical use of integrability for the study of the static and dynamical physical properties of these systems.
It was recently pointed out that the existence of quadratic eigenvalue-based equations for models built out of spins-1/2, translate into quadratic relations between the conserved operators themselves [9, 17, 18] . A generalisation to cubic relations between conserved operators has also appeared for spin 1 models [19] . While these relations have, so far, been constructed on a case by case basis, this work aims at providing a generic framework for the existence of such quadratic relations in spins-1/2 RG-models.
Working on the operator level, we show that, in this general class of models, integrability itself (having the N operators which all commute with one another) implies that these commuting operators are necessarily linked through a closed set of quadratic operator relations. This then allows one to explicitly construct a set of N quadratic Bethe equations obeyed by the conserved charges' eigenvalues whose solution gives access to spectrum of the problem without any necessity to build an explicit Bethe Ansatz solution.
The fact that the approach presented in this work defines Bethe equations without making reference to its Bethe Ansatz solvability (i.e. without any need to build the eigenstates) presents a clear advantage for models without U(1) symmetry. One such example are the XYZ models, related to 8-vertex models of statistical physics, for which the U(1) symmetry associated to rotational invariance in the x − y plane found in XXZ or XXX models (6-vertex) , is longer present. In such a case, a proper highestweight state which serves as the pseudo-vacuum (reference state) for the Algebraic Bethe Ansatz is no longer simply defined [20] . Moreover, cases for which the U(1) symmetry is explicitly broken by an in-plane component of the magnetic field can also make such a proper pseudo-vacuum non-existant [9, 16] . A variety of techniques have been developed over the years to deal with models lacking such an explicitly known reference state: Separation of Variables [21, 22, 23, 24, 25, 26] , Off-Diagonal Bethe Ansatz [27, 28, 29, 30, 31] or the Modified Bethe Ansatz [9, 16, 32, 33, 34, 35, 36, 37, 38] . However, by circumventing the construction of eigenstates, the approach proposed in this work makes all the possible cases equally simple, at least when exclusively looking for the eigenenergies.
This article begins with section 2 where we define the class of integrable models treated in this work and derive the set of conditions on the coupling constants which are imposed by integrability. Section 3 then defines the ensemble of requirements for quadratic relations to exist between the various conserved operators. In section 4, the equivalence between the two sets of conditions is established, demonstrating that integrability itself is a sufficient condition for such quadratic relations to exist and that, simply defining the set of conserved charges allows one to explicitly construct the quadratic Bethe equations. Finally, in section 5, known cases from the literature on spins-1/2 systems are verified again and shown to be particular cases of the general result found in this work.
The models and their integrability
We focus in this work, on spin-1/2 models defined by the following commuting conserved charges, quadratic in Pauli matrices:
While this readily excludes certain more generic integrable models containing Dzyaloshinskii-Moriya-like terms coupling σ α i and σ β j , it covers the complete class of "traditional" XYZ-RG-models.
One should note that, in this work, greek superscripts will systematically be used to denote orientations (taking three possible values: x, y, z) while latin subscripts will be used to label individual spins therefore taking the values 1, 2, 3 . . . N. Requiring that the conserved charges (1) commute for all i, j does impose a set of constraints, which we call integrability constraints since they simply enforce the required commutation rules needed to define an integrable model of this type. The approach used here to find the integrability constraints has appeared in many works concerning Gaudin models [39, 40] starting with Gaudin himself [41, 42, 43] . Straightforwardly, the constraints are found by explicitly enforcing that the commutators be equal to zero:
These commutators are simple to compute using the commutation rules of Pauli matrices
where ǫ is the Levi-Civita antisymmetric symbol. Since the terms, linear in Pauli matrices: B i · σ i and B j · σ j , commute because they involve distincts spins, the commutator can be expanded as:
using the fact that σ
One finds quadratic and cubic terms in Pauli matrices and each of the coefficients in front of them needs to explicitly cancel out for the model to be integrable. This leads to a series of algebraic relations between the couplings Γ and the various "magnetic fields" B. From the quadratic terms one finds, for any permutation of the sets {α, β, γ} = {x, y, z}, that:
while the cubic terms lead, for each permutation, to a Gaudin equation imposed on the couplings:
These two restrictions, defining integrability, are the only requirements which we will impose on the models in that no U(1)-symmetry nor existence of an adequate pseudo-vaccum will be demanded. The antisymmetry of the couplings Γ α ij = −Γ α ji is NOT going to be imposed here either, as is frequently the case following Gaudin's three proposed antisymmetric solutions: rational (XXX), trigonometric (XXZ) and elliptic (XYZ) [41] also defining the Belavin-Drinfel'd classification of solutions [44] . While Gaudin mentioned explicitly that antisymmetry needs not to be imposed [41] , models for which it is not have been mostly studied in more recent years. For example, Balantekin et al. [45] has defined such non-skew-symmetric integrable models for which Γ α ij = −Γ α ji −2q with q any real constant. A large body of work by Skrypnik [46, 47, 48, 49, 50, 51, 52, 53] as well as a recent paper by Links [54] have have also dealt with models which are not within the usual antisymmetric classes of solutions to the Gaudin equation. In this work, antisymmetry is never imposed so all of the possible non-skew symmetric integrable models defined by conserved charges of the form (1) are also naturally included in the approach.
Quadratic operator relations
In a few specific cases [9, 16, 17, 18, 19] , it was shown explicitly that the eigenvalues r i of the conserved charges (R i ) can be related by quadratic equations linking r 2 i to a linear combination of all the r k . Considering that these relations hold for the eigenvalues associated to each of the eigenstates and that, in the common eigenbasis, the conserved charges R i are all diagonal operators, the quadratic relations between the eigenvalues also hold for the operators themselves.
We therefore aim to see whether some (or all) of the integrable models studied here can obey, on the operator level, the following relation:
with K i and C ij a set of constants to be determined for a given model. For such a relation to be valid, the conserved charges again need to obey a set of constraints which one can find by first squaring the conserved charge R i . The simplest way to do so is to compute the anticommutator of R i with itself:
since the anticommutator of Pauli matrices is known to be given by:
In terms of the linear and quadratic (in Pauli matrices) terms in the conserved charge R i :
one has:
The first anticommutator in eq. (11), is easily shown to simply give a constant:
while the second one is straightforwardly shown to be given by:
contributing, to R 2 i , linear terms in Pauli matrices involving exclusively the spins of index k = i. The remaining anticommutator can be expanded as
by splitting it into its k = k ′ and k = k ′ terms. The first term has k ′ = k = i and therefore, since Pauli matrices associated with distinct spins all commute with one another, gives:
The remaining term k ′ = k can be, using the known commutators, anticommutators and product:
rewritten as:
leading to a constant term for α = γ and a quadratic term which couples spin i and spin k along the β = (α, γ) direction. Therefore, the remaining term is given by:
In the end, one finds:
where, in the last term, β and γ are the two directions perpendicular to α. There remains to be seen under which conditions the resulting squared conserved charge can be rewritten as a linear combination of the other conserved charges. Such a generic linear combination can be written as: (20) Demonstrating that such a linear combination exists amounts to showing that constants C ij can be defined in a way which is consistent, term by term, with the previous expression for R
where the last equation covers every pair of distinct k, k ′ indices.
Integrability and quadraticity
The first integrability condition (5) found previously:
can be used to prove that, if it is respected, integrability guarantees that the three equations (22) (along α = x, y, z ):
are all consistent, i.e all lead to the same C ik . This of constistency equations:
are indeed respected if the integrability condition is met. Indeed, if condition (25) is verified, the previous consistency equation can be rewritten as:
proving it is systematically true.
On the other hand, we further need to prove that (23) and (24) are also consistent with this particular set of constants C ik = 2
ik (which were shown to be equal for any of the three possible directions α). The right hand term in eq. (24) can, using the integrability relation (25) , be written as:
by using the second integrability condition (6) in the form:
The other integrability constraint (25) then allows us to write:
For the constants C ij as they have been defined in (22) , this last equality becomes:
proving that the integrability conditions are sufficient to insure that the quadraticity condition (24) is met. It now simply remains to verify that the last condition (23) is also verified. For the constants C ij defined by (22) , one finds:
where the integrability condition (25) has been used. This last equality confirms that integrability itself is also sufficient for the last remaining quadraticity condition (23) to be respected. It has therefore been proven that, for any integrable RG model defined by conserved charges (1) which all commute with one another, the square of the conserved charges can be written as the following linear combination of the other conserevd charges:
Here we chose to use (23) to write the constants
, but they can also be equivalently written as C ij = 2
Since the quadratic relation is valid on the operator level, it is also trivially valid for the set of eigenvalues r i associated with one of the eigenstates. This therefore finally provides the following set of quadratic Bethe equations:
whose set of solutions will define the complete energy eigenspectrum of the model.
Known cases
While the main result obtained in this work applies to a much broader set of models, we show explicitly in this section how it allows one to reproduce the known specific cases for which quadratic operator relations have been published previously.
XXX-Richardson-Gaudin
Such a quadratic operator relation was explicitly proven by Links in [17] using a permutation operator representation of the XXX-RG-models. Defining conserved charges as:
which were shown to obey the quadratic relations:
This specific example corresponds, in our general formula (34) , to the case defined by isotropic and skew-symmetric couplings given by:
and magnetic field terms given by
for which the general equation (34) can be rewritten, using the fact that Γ β ji = −Γ β ij , as:
it does finally become equivalent to eq. (37):
since
This last statement can be easily proven:
since the second term, under the exchange of the summation indices k, j, is indeed equal to the first one up to a minus sign.
XXZ Richardson-Gaudin
A second set of similar quadratic equations has also been published in Claeys et al. [9] in an XXZ case describing an integrable p + ip superconductor coupled to a particle bath, where conserved charges:
were shown to obey the relations
Defining
and leads to:
Conclusion
In this work we have demonstrated how one can completely circumvent the Bethe ansatz procedure to determine the spectrum of integrable models of the spin-1/2 RG family. Independently of the symmetries of the chosen models, be they of the XXX, XXZ or XYZ-type, be they skew-symmetric or not, the integrability conditions, which the couplings need to satisfy in order to define the set of conserved charges, are sufficient to insure the existence of a closed set of quadratic relations between the commuting operators. Their eigenvalue spectrum can therefore be found as the various solutions of a ensemble of quadratic equations linking them. The approach requires nothing more than integrability, here defined as the existence of commuting conserved charges, and therefore applies to any member of the class studied without any requirement for U(1) symmetry, for the existence of a properly defined pseudo-vacuum state, or for a known and usable Bethe ansatz approach to its solvability. In this sense, the difficulties which make XYZ models more complicated than XXZ or XXX models are completely lifted since the proposed construction provides, in an identical fashion, a set of quadratic Bethe equations for the conserved charges' eigenvalues.
The specification of the eigenvalues does not, by itself, provide an explicit representation of the corresponding eigenstate. However, in some models where an explicit Bethe ansatz solution has also been built, determinant representation for the scalar product of the eigenstate with an arbitrary tensor product of S [10, 11, 12, 16] and can ultimately provide an approach for explicitly constructing the eigenstates. Whether a generic, non-model-dependant, approach can allow the reconstruction of eigenstates exclusively from the knowledge of the corresponding eigenvalues remains, for now, an open question.
